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A local  study is  made of the flow reg ion  and the c h a r g e - f r e e  reg ion  for an a x i s y m m e t r i c  r e gu l a r  beam ( the 
n o r m a l  component  of the magnet ic  f ield is zero at the e m i t t e r ) .  The study is made  within the context of 
hydrodynamic  theory.  The equation of the beam boundary  and the beam potent ia l  and n o r m a l  der iva t ive  on 
it a re  de t e rmined .  A solut ion is obtained for Laplace(s  equation in the neighborhood of the e mi t t e r  surface  
and the equation of the ze ro -po ten t i a l  shaping e lec t rode  is der ived.  The cases  of space -cha rged- l imi t ed  
(p -mode) ,  t e m p e r a t u r e  ( T - m o d e ) ,  and n o n z e r o - i n i t i a l - v e l o c i t y  e m i s s i o n  a re  invest igated.  The emit t ing  
sur face  and the Cauchy condit ions on it a re  a s sumed  to be defined by analyt ic  funct ions .  A s i m i l a r  p roblem 
was solved in [1] for  e m i s s i o n  in the p-mode and zero  magnet ic  f ie ld .  The r e su l t s  of [2-4]  a re  ut i l ized.  
Note that [5] a lso  dealt  with solut ion of the beam equat ions in the neighborhood of a curved emi t t e r .  

1. Let x 1 = xt(z ,R) ,  x 2 = x2(z,R) be an orthogonal  coordina te  sy s t em in the z R m e r i d i o n a l  plane with m e t r i c  
t e n s o r  gik'  and let the emi t t ing  sur face  be x 1 = x~. Assume  that al l  the physica l  and geomet r i ca l  p a r a m e t e r s  defining 
the flow are  independent  of the az imuth  coordina te  x 3 = ~L This  a s sumpt ion  has two consequences .  F i r s t ,  for  the 
az imuth  component  of the magnet ic  field Maxwel l ' s  equat ions yield that 

Hx~ = n = H o B  -1 = Ho ]/-g 5~ , Ho -- const (1.1) 

and lead to the following r e l a t ionsh ips  when x 1 = x~: 

ns'-= x2n, n ~ ' =  k~n, ns"=  ( 2 ~ 2 ~ + k x k 2 )  n, m s ' =  uvn, m = H~,. ( 1 . 2 )  

Here  and below, "~1 and ~ ,  k~ and k 2 a r e  the p r inc ipa l  c u r v a t u r e s  of the su r f aces  x 1 = const ,  x 2 = eonst ,  evaluated 
when x 1 = x~; T = ~  + ~4 2 is the total  cu rva tu re  of the emi t t ing  sur face ;  S and P a re  the arc  lengths along the c u r v i l i n e a r  
x 1- and x 2-axes  the p r ime  denotes d i f ferent ia t ion;  awl the subsc r ip t  indica tes  the v a r i a b l e  with respect, to which the 
d i f ferent ia t ion  is pe r fo rmed .  The condit ions under  which the space is Eucl idean,  quoted in [1], a re  ut i l ized in (1.2). 

Second, the equat ions of mot ion  have the solut ion 

xz ~c1 

Xo ~ x ~  ~ 

Though the par t ic le  paths a re  spat ia l  cu rves ,  the beam boundary  is a sur face  of revolut ion,  given by the 
equat ion 

~2 d~ :2 v2 (1-.3) 
gll dxZ vl 

Let the flow region and the Laplace region be separated by a surface whose generator cuts the emitter at the 
point O(x~, ~). We call this the starting point, its coordinates in the z, R system being z0, R 0. We introduce into the 
zR plane local Cartesian coordinates X, Y, connecte~ with the emitter surface, where X is directed along the normal, 
and Y along the tangent to this surface at the starting point ($ is the angle between the normal to the emitter at point 
O and the z-axis of revolution): 

X = ( z - - z o )  COS~, + ( B - - B o )  sin @, Y = --  (Z - -  Zo) sin@ + ( R - - B o )  COS ~}. 

We r equ i r e  the expansions  of the funct ions  x 1 - x~, x 2 - x 2 in X and Y. It can be shown that 

-~- xly2 + 
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l 1 1 t a l  ) X y 2 _ ( _ ~ n l p , _ ~ . ~ l k l ) Y S _ { _  

( L ~ 13 ~ 7 ~ 7 , 1 t _ ~ ,  k ~ . ) x . +  

r ~ ,, t , 1 L ( ~ ~ "~ k 
+ +'~-k1~r + ~ utkls ' --kl  8 -  2 i xao ~ -  a0 aj  t - -  [~  k~s 

i a~ k "+• (1.4) - ~-  ~ - ~ 7  ( ~s 

boo.' t 
p0 = [~0 (~0"-)l v '  (~  - ~:o ~) = v + • - �88 ~ v~ - ~ ~ x ~  + 

.Ai_, ( _~ lflp, + X12 -{- "~ - ~  t l 

1 t 1 t 1 t bo2" \ 
+ - - -~-  k~s" -- y x ~ s '  + ~- kd~te" -- ~ ~ -- ~ z?~  -- -iV ~ k?) X* 4 .... 

Here ,  ak(x 2) and  bk(x 2) a r e  the c o e f f i c i e n t s  of the  e x p a n s i o n s  of the m e t r i c  t e n s o r  e l e m e n t s  in  x ~ - x~. Al l  the 
q u a n t i t i e s  in  (1.4) a r e  ev a l u a t ed  at  the s t a r t i n g  po in t .  

Us ing  the p a r a m e t r i c  equa t ion  of the b e a m  b o u n d a r y  

X =  Xe(u),  Y = Y e ( u )  

we can  ob ta in  the func t ion  m a p p i n g  the r e a l  ax is  in  the p l ane  w = u + iv on the b e a m  b o u n d a r y  in  the  p l ane  Z = X + iY: 

Z = Xe (w) + i Y e  (w), (1 .5)  

Le t  us  a l so  w r i t e  the p a r a m e t r i c  e q u a t i o ns  of the  b o u n d a r y  in  z, R c o o r d i n a t e s  and i n t r o d u c e  s o m e  a u x i l i a r y  
nota t  i on:  

z = ze (u) = z0 + Xe (u) cos# - -  Ye (u) s in#,  [3 (u) = dzJdu ,  
R --  Re (u) ----- Bo + Xe (u) s in#  + Ye (u):cost~, ct (u) = dRe/du. (1.6) 

The so lu t i on  of L a p l a c C s  equa t ion  in  the  a x i s y m m e t r i c  c a s e  is  [6] 

2~(u,  b') = Re V(w) -~-.~ 2B~K(z)  F - -  
o 

- -  2B~  [ K  (•) - -  E (z)]  V ~ ( z e -  z) - -  13 ( R  - -  R) ~- lIE (z) V]  • 

X [(R~+B)~+(z~--z)~l'M.' z =  k (Re+R)2+(%_z?  j �9 

H e r e ,  K(cr) and  E(r a r e  the c o m p l e t e  e l l i p t i c  i n t e g r a l s  of the f i r s t  and  second  k inds ;  R e, z e, V, F ,  c~, and/~  
a r e  f u n c t i o n s  of ~ = u + i~; V and  F def ine  the p o t e n t i a l  and  i t s  n o r m a l  d e r i v a t i v e  on the  s u r f a c e  bound ing  the  flow 
r eg i on ;  

z = zo + [Re Xe (w) - -  Im Ye (W)] COSt~ - -  [Ira Xe (w) + Re Ye (w)] s i n ~ ,  

R = R0 + [IInXe (w) + ReYe (w)l cos~ + [ R e X e  (w) - -  ImY~ (w)] s inf f .  

Our nex t  a im  is  to f ind  the f o r m s  of e x p r e s s i o n s  (1.5) and  (1.6) u n d e r  d i f f e r e n t  e m i s s i o n  cond i t i ons  and  to 
u t i l i z e  (1.7) fo r  the  c a s e  in  which the point  a t  which  the po t en t i a l  i s  e v a l u a t e d  is  c l o se  to the b e a m  b o u n d a r y  and  c lo se  
to the  s t a r t i n g  poin t .  

To ob ta in  the  f u n c t i o n s  V and  F ,  we u s e  the cond i t i ons  fo r  the  space  to be  E u c l i d e a n ;  F is  eva lua t ed  by m e a n s  of 
the  r e l a t i o n s h i p  

or o , ( O s o O X  O8oOr~ ~(OpoOX OpoOYh. 

The c o u r s e  of the a r g u m e n t s  is  the s a m e  as  in  [1], and  we thus  conf ine  o u r s e l v e s  to a b r i e f  s u m m a r y  of the 
r e s u l t s .  
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2. In the case of emission in the p-mode, the solution of (1.3) is 

Pc ~ ~is~/a + % % ' �9 28o 2 + vss 0 + %% ~ ~sso 3, T~ : const. 

U s i n g  (1 .4) ,  we get 

Y = aX % + bX z + cX  % + d X  % + eX 8 ,  

3 i 2 \ %  i Jp" 1 nh ~" c i ( 2 "~%(31 • • 
~ = - T ~ - ~ - )  '~ '~=~o J - 2 - b - - 7 - '  =W\-~7- )  k~- - ) , 

, .  ,-' 249 8t ) S p '  27 nM] 
ki-]-) L ~-i-U-6 T Ls-~ .'~" + i - ~  mZ , 

Y ' t 7  . 
~ +  30 " t50 

( 9t 2 ) nm~ h 2 = m ~ + n 2  
Dr- __ 2 . ~ X l _ ~ T ~ _ X 2  - - 7 ' '  

H e r e ,  J = J ( x  2) i s  t h e  e m i s s i o n  c u r r e n t  d e n s i t y .  

(2.D 

T h e  p o t e n t i a l  on the  b e a m  b o u n d a r y ,  w h o s e  p a r a m e t r i c  e q u a t i o n s  a r e  

X e = u, Y e  = au'h -~- bu2 "~ cu~'% "~ du% + e u S ,  

i s  g i v e n  by  

1i 2T = V (u) ~ A u  % + B u  2 + Cu % + Du %-l -  E u  a + Gu ' ~ , 

(9Zy'l, 8 ( 9JyI , -  
A = k - T - )  ' B = ~ h  2, C = T g - \ T )  7', 

) f ) =  n , 

( 9 2 " k % 7  83 ~ •  , t57 x• 2- 4 ko JP '  4 d p " +  

s '+._At h~ _~ 43 J p ' ~  29 11 nh 2 ~ p 
450 J2 1260 ( k 2 n ~ - ~ - m m p ' ) +  3t5 d -- t750 d'~J 

(2 .2 )  

T h e  m a p p i n g  w ~ Z a n d  t h e  a p p r o x i m a t e  i n v e r s e  m a p p i n g  Z ~ w a r e  d e f i n e d  by  

z = x ~- i Y =  w +  i(aw % - ~  bw 2 + cw 7 ~ + dw %--{- ew 3) ,  

w = u -~- iv = Z - -  iaZ%--4/a a2Z %-~- i(2a ~ - -  b)Z 2 + (26O/s I a a -- 1% ab - -  ic) Z % + 

-~- [1%i3 t2C -~- i (--  1309/243 a 5 -[- 77/9 aU'b - -  d ) ]Z  % -t- [ - -  zsia a a -[- 20a~b - -  4ad - -  

- -  2b  2 + i(~/9 a~c - -  e)]Z a . 

( 2 . 3 )  

T h e  n o r m a l  d e r i v a t i v e  of t h e  p o t e n t i a l  on t h e  b o u n d a r y  i s  

4 3 , 5' 20r / Ov ] v=o ~ F (u) -~- H u  2h + K u  / -t- Lu = + M u  ~ + N u  % , 

M = - -  2 7  k~n2 + 2 m r n P ' - . ~ . ~  ! 1 3 8  . ) J ' ra- ~ - -  -- 3~-6- ~ -  ' ( 2 .4 )  

= ( 9 ~ = / ~ V 2  ~ , _  s p ' ,  ~ , . ~ . 

+ ~ + ~ =  7 -  �9 

T h e  i n f o r m a t i o n  c o n t a i n e d  in  e x p r e s s i o n s  ( 2 . 1 ) - ( 2 . 4 )  i s  s u f f i c i e n t  f o r  e v a l u a t i n g  the  c o e f f i c i e n t s  in  t he  e q u a t i o n  of 
$ 

t h e  z e r o  e q u i p o t e n t i a l  up to a n d  i n c l u d i n g  X . H o w e v e r ,  we n e e d  to  know the  d e r i v a t i v e s  of e x p ( 4 i / 3  a r c  t g v / u )  and  
(u 2 + v2) 2/a ,  c o n s i d e r e d  a s  f u n c t i o n s  of ~ ; u ~ / 3 ,  up to  and  i n c l u d i n g  t he  s i x t h  o r d e r .  We t h u s  c o n f i n e  o u r s e l v e s  to  the  
q u a d r a t i c  t e r m s .  To  t h i s  a c c u r a c y ,  t h e  s o l u t i o n  of L a p l a c e ' s  e q u a t i o n  i s  g i v e n  by  

4 v 3 ~ 5- 5 v 
2~ (% v) ~ A (u 2 -I- v~) % cos y arc tg -7,. + ~ H (u ~ + v2)/~ sin ~ arc tg ~ -  + 
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o'" 7 v t Av  
+ B (u~ --  v~) + C (u ~ + v-)/'cos ~ -  arc tg --s - -  -~-  ~ (u~ -7 v~) % • 

• q - - - ~ - a r c t g - ~ -  + - ~ -  K +  2 go j ( u : - } - v ~ ) ' / ~ s i n ~ - a r c t g - ~ - .  (2.5) 

The e x p l i c i t  equa t i on  f o r  the z e r o  e q u i p o t e n t i a l  in the w p lane  is  

v = o~u + ~u 'I~ + 7u % -7 8u ~ . 

Using  (2.3),  we  can  r e w r i t e  (2.6) thus  in l o c a l  C a r t e s i a n  c o o r d i n a t e s :  

(2 .6)  

Y = r -7 ~ X  % -7 v X  % -7 XX 2 , 

3 ( 2 ) V ~  
a =  t g ~ - ,  . ~ : - - - ~ \ - 6 7 - ]  a( t+~S)%n,  

/ 2 \% 'h [/ 3 3 9 57 3 ~) m~], 

~ = ~7~- ~ ~-56- ~- ~-f~ ~s -- ~ ~ + ~-~6 ~' - ~-~b~ ~s + 

( 23 43 s t9 , ) n m S  ( +  3 sin~ 
-7 ~ - 7  2-~0~a + 4--~0-a ~ - - - - c t ( l + c t  s) T-7- -~  R0 ] +  

-7( t+a~)  J -- 56 J~o 1" 

3. In the  c a s e  of e m i s s i o n  to the  T - m o d e ,  we have ,  f o r  the  b e a m  b o u n d a r y  in t e r m s  of P0 and So: 

(2 .7)  

po = "qso % + ~:~so ~ + "~3 sd/~ + , , & .  ( 3 . 1 )  

In the  X, Y c o o r d i n a t e s  th i s  equa t i on  b e c o m e s  

Y =  aX % + bX s + cX'l' + d X  a ,  

1 ( e /  nY) ~ _  V2 _in b=_ C _~__+_~_ 
3 8 */~ ' 

8-'/, t + /  5 1 5 +i_!hs  
3 8 9 ~2 • 83 4 s ] n  , 

+ + o < d~ Tp'+ (4xi--z2). P 4 Jdp' 4 J~ep' I t 
45 84 } 27 84 + ---~- ~ + - ~ x s +  

8 .1 s 4 A s \  n ]  2 n 2 t romp' 2 h~sp ' 

H e r e ,  e = e(x 2) i s  the  e l e c t r i c  f i e l d  at the e m i t t e r .  N o t i c e  tha t ,  in the  a b s e n c e  of a m a g n e t i c  f i e ld  and wi th  
u n i f o r m  e m i s s i o n  c o n d i t i o n s ,  the  t r a j e c t o r y  c l o s e  to the  e m i t t e r  i s  a cub ic  p a r a b o l a  wi th  the s a m e  c o e f f i c i e n t  T ~ / 3 0 )  
a s  in the  e a s e  of the p - m o d e  e m i s s i o n .  In the e l e c t r o s t a t i c  e a s e ,  the t r a j e c t o r y  c u r v a t u r e  x t i s  d e t e r m i n e d  s o l e l y  by 

the  f i e ld  when  x 1 = x01: 

z t = % (la s)p' . 

The  f u n c t i o n s  r e a l i z i n g  the  m a p p i n g s  w ~ Z and Z ~ w a r e  

Z =  w -7 i(aw V~ + bw s +  ew % +  dw 3) , 

w = Z - -  iaZ Vz - -  C/2 a s -7 ib)Z 2 -7 [--  ~/~ ab -7 i (sVs a s - -  e)] Z Vz ~- [81/16 a 4 - -  ( 3 . 2 )  

- - 4  ae--  2 b ~-7 i(9 aSb- -  d)] Z ~. 

We obta in  f o r  the f u n c t i o n s  V(u) and F(u)  

V(u) = A u  + Bu  % -7 Cu 2 -7 Du V2 + Eu  ~ , 

4 | / 2  3 t j2  
A = 28, B = 3 8,/, , C ~ 8T --  ~- -~- , 

2V-2 J /ll i j s  nSp" i hS 
D =  3 8',~ <-{v T + v -~ -  - - - 7 -  +- iV -T  ] ' 

E = e [ y  (2x12 + • ~_ t J2 1 /  8p' 8p" + ~ _ _  2•215 -- T T - ~  + ~- kks" 8 

8 j 4  2 n~ 7 nJp" 2 ~,]Sp" 4 h ~ . ]  
81 e 6 --T• 8 -- 9 8 s +3--~ --45 84 ]' 
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R e t a i n i n g  the  q u a d r a t i c  t e r m s ,  

F(u) = Gu V~ + Ku + Lu ~/~ + Mu ~ , 

G = l l ~  n, K = E (%' + 

[ J r '  7 lap ' ( 5  7 ] 2 i ~_) ] L =  }f~- - ~ - - -  ~ ' -~ - - -{ -  T - -  12 ~a + ~ -  n 

4 • (26  3 ) 4 J.rp" 10 JSep" 22 nd 
~I = ~ 8 I ' p "  ~ \ t 5  x i + ~ - x 2  e p ' - - - ~ - - - ~ - ,  + - ~ - - - - ~ - - + - { ~ T - - ~ - - -  

4 2 / ~4 4 

(1.7) g i v e s  

( v 2 3 v)  
2(p (u, v) = Au + (u 2 + v2)V, B cos 3 arc tg -U- + Y G sin -~- arc tg u + 

i Asin~ 
+ C (u ~"- v~) + g u y - -  ~ v~ �9 

(3.3) 

(3 .4)  

Only the  f i r s t  two t e r m s  in the  e x p l i c i t  e q u a t i o n  f o r  the  z e r o  e q u i p o t e n t i a l  

u = ~zJ l~ + ~v ~ + Tv 'A + 6v ~. (3.5) 

can  be  found f r o m  (3.4).  The  o t h e r  two c o e f f i c i e n t s  can  be  found by t ak ing  d i r e c t  a c c o u n t  of the s m a l l n e s s  of the  r a t i o  
u / v  ( see  (3.5)) when  e s t i m a t i n g  the  i n t e g r a l  in (1.7).  We f ind  a s  a r e s u l t ,  on r e c a l l i n g  (3.2),  that  

X = ~tY V~ + v Y  ~ + ~y~h + Ty3, 

2 d i 7 j2 i n" i sin~ 
~ - - 3  d%' v = 2 T - -  6 e a - - 3  ~ + Y - ~ o  ' 

K=8_V~ [ ~ S T J  q- 4 dp" 23 ]ep" + 7 ]3 2 16 nJ 2 
- -  ~- - 1 5 - ' - ~ - - - ~ - - ~  9 e 4 -- i5 •  

(23 i \ J 5 n 2 (_~ J 2 \sin~'  i J cos~7 
+ -~- ~- + ~ -  m ) -~- - -  --  , "~-"~-  - -  "~- + "-~ n) Ro 5 8 Bo J 

i 79 ep' 2 j2 3 dJp" l i  J28p" 
" r = - ' ~ - T / - - ~ •  e--~-- q- -;j-~ ~--~+ (3 .6)  

35 J4 1 + z2 
+ - ~ / - - ~  + -EExi T +  

t0 nd s i m ) ~ -  ~a- 9 e~ +(-~6 ne ' 1 \ j2 i nrn2d + ( _ _  89 ,2 n 

1~3 nSJ , ( i ~ Y~ i nJ 7 n 2~cos 

5 sp" ~ J~ { nd- i l  n ~ sin~ I sin2~ 
+ - T C - ~ + ~ + ~ - ~  - + ~ T / - ~ - o  - ~ V S "  

4. In the case  of nonzero initial veloci ty Vxt = u ~ O, the beam boundary is given by 

Po = "~,so ~ + ~2So s + "~aSo ~ . 

or  in t e r m s  of X,  Y by 

Y =  aX 2 q- bX 3-}- cX ~ , 

t n I ~p" 1 n t n~ 

I e (i i )e /  I Yp' 5 8~p' 
c = ~ - T p "  + T x ~ + - ~ •  - ~ - + - ~ - ~ 7 ~ - - -  24 u 4 

n- t romp" 

The  m a p p i n g  w - -  Z and Z - -  w a r e  g i v e n  by 

t n 
12 "`92 W + 

i h2' i n 
8 / u3 

(4 .1)  

Z = w q- i(aw 2 "+- bw 3 q- cw4), 

w =  Z - -  ia Z2 - (2a 2 q- ib) Z 3 T [-- 5 ab -}- i(5a 3 -  c)] g 4. (4.2) 
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W e  obtain for  the potent ia l  and i ts  no rma l  der iva t ive  on the beam boundary:  

V ( u ) = A u q - B u ~ + C u a q - D u  ~, A = 2 ~ ,  B = e T q - 3 - / u ,  

2 (2  l a ) J  l t nap' 
C = -~- S (• j- zs ~ J- z~• -~ -~- T -- E-h ~ V + ~ = ~ v  ' -~3 v " - ~ ,  

1 , 1 + ( _ . g u a  v i t .  D~.--"~eTv'.q-'-~ek~T.p" t ' -}- ~ ~k~ -}- ~- • ~ p' -q-- 

+ -~ a (• + • T + T (~ + ~# + ~x=) 7 -- x~ + -g • %" + 

1 JP" 1 J~ I Jp" { ~p'S l js I j~s 
+ ' t - 2 k ~ - - T T ' ~  t2 u + 3 u~ - -  t2 u ~ + " 4  u~ - -  

/ 3 5 h nap" 5 nJp' t n2~ 2 neap' t h~Y 1 na 
- ~~ ~'~ + ~ • -W--]~ -~---T x~ -~-+$--~- + ~ 7 --~Te'-~ ' 

F(u) = Eu + Ku 2+  Lu a, E = 2 ( e . p ' +  h e / u ) ,  

Jp" Sap" (3 ar a~ ~ n , 
K = sT e" + (3• + • e e '  + 7 - -  ~ + sT + 2 ~" - -  2 -~-) u 

u--~-~)T~ + 

t . 2 -~- x~u~) ep" "q- "-~ k~ep" 5 2 
+ T x~= + E • + --~ - 

(7  4 )aap ' t 2 a l p  ' 4 Jap ' 5aZSp ' 
-- T • 2 1 5  7 - - T s / ' - - T 7 - - - ~ - - ~ - - + ~ - 7 +  

-1- (4x~ q- i t  t3 "~ nB n g e 2 

2 mmp" nep" n~ep' ( a a e~ ) ns 
+~-~--j----2 u u~ + --4E+ - -~-+h~ - j - .  

( 4 . 3 )  

F o r  t h e  p o t e n t i a l  in  t h e  L a p l a c e  r e g i o n ,  we  h a v e  

2q~ (u, v) : Au -~ Bu 2 + Ct~ 8 + Du ~ + (Eu + Ku~ + Lu 3) v - -  

_ ( B . : p j _ A s i n ~  / aAcos~ B s i n ~  t E c o s ~  t Asin~0~ 
2 m / ~ + ~ , - 3 c - - - g - - o  - - - g - o  - - ~  R~+~---RT-o~ )"" + \ 

t i aAsin{} t Bcos~  _ t E s i n ~  + I A s.in2~','~ 
-1- -- ~ K %- 3 R ~  -}- -3- .No 6 Ro 6 .Ro "a / v~ -}- 

~3 bA cos (~ aB cos 0 3 C sin O aE sin O t K cos 
+ - 6 D - ~  Ro - 2 ~ - - ~ + ~ - 2  Ro + 

3 aAsin2@ Bsin -~ I Esin2~'  t Asin~t~'~ ~ 

/ I bAcos~ i C s i n ~  t K c o s ~  t aAsin2~, i Bs in~)  
+ ~ , o + ~ ~ + ~ - - - E / - - o  + 6 ~o - 3 no~ - ~2 &~ 

t B cos~ 8 i E sin 2~ i A sin ~ ~' t A cos ~, sin 2~"~ 
- - 4 - T o  ~ + 24 No= + 24 Bo a - -  8 ~ ' ) v ' +  
[ bA sin ~ C cos ~ i K sin 0 aA sin~ 0 2 aA cos~ 

"F' ~-- L-~ ~ - f - T o  - -  3 .Ro - - - - - ~  -}- 3 Ro 2 q- 
i Bs in2~ t E s i n ~ ,  I E c o s ~  i A s i n ~ s i n 2 # ~  

"q- 6 .Ro ~ ~- 6 Tlo~ q- 3 Ro ~ -- 3 Bo ~ /uv~" 

( 4 . 4 )  

4 . 1 .  C a s e  o f  n o n z e r o  e l e c t r i c  f i e l d  r # 0. C o n f i n i n g  o u r s e l v e s  t o  t h e  f i r s t  t w o  t e r m s  of  t h e  e x p a n s i o n ,  w e  h a v e  

f o r  t h e  z e r o  e q u i p o t e n t i a l  in  t h e  w - p l a n e :  

,, = ~ + ~ , 9 .  ( 4 . 5 )  

U s i n g  (4 .2 ) ,  w e  t r a n s f o r m  to  t h e  v a r i a b l e s  X ,  Y: 

t / J 
X = ~tY2-}-vY a, I X ~ T - ~  - ~ " ~ - ~ ] '  

1(•  J ) n  1 , 1 ep '  . i J /  I J e v ' - - ~  ~ - k  

i / J ' ~ c o s ~  1 / ap' n '~s in~ I s in2~ 
Ro G 

(4 .6)  

T h e  c u r v a t u r e  a t  t h e  o r i g i n  kgo of  t h e  z e r o  s h a p i n g  e l e c t r o d e  i s  e q u a l  t o  2 # ,  w h i l e  i t s  d e r i v a t i v e  k ~  = 6v .  

4 . 2 .  C a s e  of  z e r o  e l e c t r i c  f i e l d  s = 0. N o w ,  A = E = 0, w h i l e  t h e  s u r f a c e  go = 0 i s  g i v e n  b y  

(4.7) 
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In terms of X, Y (4.7) may be rewritten as 

Y = aX + vX ~-? EX 8 

2 i "fP' J[ n ~ sin ~' i COS 

i (_~ l k ,  Jv" t.rv" ~ Jv "~ 
~ , = ~ ( •  q-x2~q-tt•  - T q - - ~ -  2) T q - ~ - - -  ~- - -  t8 ,]2 q- 

t J / 4  t Jp'N n 5 n 2 I rn ~ / t n~s in~*  
~--9-+ ~ ~-)-~-o + 

2 1 "]p' t n'~COS~ 5 s in~  I cos2~ l sin2~ 
-~- - - ' 9 T ' - ' ~ - - ~ q - ' ~ u ' ) - - - R ~ o  -}- 6 ~o ~ -- 18 Ro ~ "-- ~'~= /:/0 ~ " 

(4.8) 

We obtain for the cu rva tu re  k~ and its de r iva t ive  k~  at the s t a r t ing  point that 

1 k,'='2]/- ~ [-- 2 (• u2~-- •215 (k2__ u ) 7 + ~ _ _ 7 _ [ _ - ~ _  + n ' ~ J p '  JV" !JP" J (4.9) 

n~ m s sin ~' (__ Jp" n ~ cos '~ sin 2 @ t cos 2@ ] 
+ - ~ - - - ~ q - 2 T ' - ~ 0 - q -  -~-~-u-J---~--o q-3--~02 2 ~02 l" 

We have exhausted al l  the poss ib le  e m i s s i o n  modes .  Notice that the above express ions  r e f e r  to plane flows when 
R0 ~ oo a n d ~  = k2 = 0. The angles  of 67.5 ~ (p-mode),  90 ~ (a # 0), and 45 ~ (~ = 0, u ~ 0), fo rmed by the zero 
equipotent ia l  with the beam boundary,  a re  c h a r a c t e r i s t i c  and independent  of the emi t t ing  sur face  geomet ry ,  the 
magnet ic  f ie lds ,  or  the c u r r e n t  dens i ty  and field d i s t r ibu t ions  on the emi t t e r .  These  p a r a m e t e r s  affect the subsequent  
t e r m s  in the equation of the zero  equipotent ia l  (the cu rva tu re  and its der iva t ive ,  in cases  in which these c h a r a c t e r i s t i c s  
have any meaning) .  
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